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AERONAUTIC  SYMBOLS 


I.  FUNDAMENTAL  AND  DERIVED  UNITS 


! 

Metric  .  !  English  1 

Symbol 

Unit 

Abbrevia-  ;  t. 

tion  ; 

Abbre\'ia- 

tion 

length-. . 

Time . 

Force...™.-.- 

1 

i 

F 

meter.-- . 

second . 

weight  of  1  kilogram . . 

m  j  foot  ('or  mile) . 

8  j  second  (or  hour) . 

kg  :  weight  of  1  pound . 

ft  (or  mi) 
sec  (or  hr) 
lb 

Power . 

Speed . 

P 

V 

horsopowxr  ('metric). . 

fkilomoters  per  hour . 

\meters  per  second . 1 

’  -  1 

. ’  horsepower . 

kph  '  miles  per  hour . 

1  mps  •  feet  per  second . . i 

I  ■  i 

hp 
mph 
!  fps 

2.  GENERAL  SYMBOLS 


W  Weighl=7n^  .  v  Kinematic  viscosity 

g  ^andard  acceleration  of  gravity =9.S066o  m/s^  p  Density  (mass  per  unit  volume) 

^  r  or  32.1740  ft/sec^  Standard  density  of  dry  air,  0.12497  kg-m“'*-s*at  15®  C 

^  W  ■  '  -  and  760  mm;  or  0.002378  lb-ft“^  sec^ 

m  .  -Mass——  Specific  weight  of  “standard”  air,  1.2255  kg/m^  or 

/  ^  Moment  of  inortia=mP.  (Indicate  axis  of  0.07651  ib/cu  ft 

radius  of  gyration  A:  by  proper  subscript.) 

Coefficient  of  viscosity  - 

3.  AERODYNAMIC  SYMBOLS 


ss 

Q 

b  - 

C  ^  ,3: 

a' 

V  - 

2 

r 

D 

Di 

Dp 

a 


Area 

Area  of  wing 
'Gap 
Span 
Chord 

Aspect  ratio,  ^ 

Ti'ue  air  speed 
Dyuainic  pressure, 

Lift,  absolute  coefficient, 


D 


Drag,  absolute  coefficient  Co  — 


Do 


Profile  dra^,  absolute  coefficient  Do-,— 


Induced  drag,  absolute  cocfficLorit  Co^  =  --< 


Parasite  drag,  absolute  coefficient  C ,  = 


D. 

qS 

D. 


r^S 


a 


Cross-wind  force,  absolute  coefficient  Dr— 


ii 

Q 

a 

R 


Oi 

€ 

do 

OCi 

Oa 


Angle  of  setting  of  wings  (relative  to  thrust  line) 
Angle  of  stabilizer  setting  (relative  to  thrust 
line) 

Resultant  moment 
Resultant  itngular  velocity 
\l 

Reynolds  number,  p —  wffiere  Z  is  u  linear  dimen- 
P' 

sion  (e.  g.  .  for  an  airfoil  of  1 .0  ft  chord,  100  mpb, 
standard  pressure  at  15°C,  the  corresponding 
Reynolds  number  is  935,  400;  or  for  an  airfoil 
of  1.0  m  chord,  100  mps,  the  corresponding 
Reynolds  number  is  6,865,000) 

Angle  of  attack 

Angle  of  downwash 

Angle  of  attack,  infinite  aspect  ratio 

Angle  of  attack,  induced 

Angle  of  attack,  absolute  (measured  from  zero- 
lift  position) 

Flight -path  angle 
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SUMMARY 

The  principles  of  the  Cross  method  of  momerd  distribution y 
which  have  previously  been  applied  to  the  stability  of  structures 
composed  of  bars  under  axial  loady  are  applied,  to  the  stability 
of  structures  composed  of  long  plates  under  longitudinal  load. 

brief  theoretical  treatment  of  the  subject ,  as  applied  to  struc¬ 
tures  composed  of  either  bars  or  plates,  is  included,  together 
with  an  illustrative  example  for  each  of  these  two  types  of 
structure.  An  appendix  presents  the  derimiion  of  the  formulas 
for  the  various  stiffnesses  and  carry-over  factors  used  in  solving 
problems  in  the  stability  of  structures  composed  of  long  plates. 

INTRODUCTION 

The  usual  procedures  for  calculating  critical  buckling 
loads  for  the  members  of  complex  structures  are  often  some¬ 
what  involved  and  are  not  easily  reduced  to  a  set  of  routine 
calculations.  Many  practical  engineers,  as  a  consequence, 
do  not  attempt  to  calculate  critical  buckling  loads. 

One  approach  to  the  solution  of  problems  in  the  stability 
of  structural  members  that  is  purely  engineering  in  character 
and  that  lends  itself  to  simplified  calculations  is  provided  by 
use  of  the  principles  of  the  Cross  method  of  moment  dis¬ 
tribution  (reference  1).  The  theory  of  moment  distribution, 
originally  devised  as  a  rapid  method  of.  stress  analysis, 
describes  how  the  re^stance  to  an  external  moment,  applied 
at  any  joint  in  a  structure  composed  of  bars,  is  distributed 
tliroughout  the  structure  in  accordance  with  the  resistance 
of  the  various  joints  to  rotation.  The  original  theory  of 
Cross  was  modified  by  James  (reference  2)  to  take  into 
account  the  possibility  of  axial  load  in  the  members. 

The  modified  theory  of  James  has  already  been  applied 
in  reference  3  to  the  study  of  the  stability  of  structures 
composed  of  bars  under  axial  load.  Because  of  tlie  funda¬ 
mental  character  of  the  quantities  used  in  the  irndhod  of 
moment  distribution  and  of  the  formulas  associated  with 
them,  it  is  possible  by  suitable  definition  of  the  quantities  to 
apply  an  analysis  e.xactly  like  that  of  referenc(‘  3  to  the  study 
of  tlie  stability  of  structures  composed  of  plates  under 
longitudinal  load. 

The  present  report  gives  a  generalized  derivation  of  the 
formulas,  applicable  to  both  bar  and  plate  structures.  The 
(‘valuation  of  various  quantiti(‘S  for  structures  composed  of 
bars  was  given  in  reference  3.  The  corresponding  evaluation 

777223— 4!> 


of  tlie  quantities  for  structun's  composed  of  plates  is  given 
in  an  appendix  to  this  report. 

SYMBOLS 

GENERAL 


E 

W 

e 

y 

r 

U 

E 

I 

A 

p 

L 

P 

c 


E 


p 

X 

h 

t 

D 

D 


modulus  of  elasticity 
load  on  structure 
rotation  of  joint 
deflection 

series  stability  factor 
modified  stiffness  stability  factor 


BARS 


effective  modulus  of  elasticity  for  stresses  beyond  the 
clastic  range 

moment  of  inertia  of  cross  section  about  an  axis  per¬ 
pendicular  to  plane  of  bending 
area  of  cross  section 


(VI) 


radius  of  gyration  | 

length  of  bar 
axial  load  in  bar  (absolute  value) 


fixity  coefficient  in  column  formula 


/P_cir^E\ 


stiffness  factor 


L_ 

[El 

V  p 

PLATES 


effective  plate  modulus  for  stresses  beyond  the  elastic 
range 

Poisson's  ratio 

half  wave  length  of  bucldes  in  longitudinal  direction 
width  of  plate 
thickness  of  plate 

/  Ef  \ 

flexural  stiffness  of  plate  per  unit  length  —jr) ) 

effective  flexural  stiffness  of  plate  for  stresses  beyond 

the  elastic  range  jv> 
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c  longitudinal  compressive  stress  in  plate 

k=-^;L(T  (always  positive) 

ttD 

M  bending  moment 

i\/o  amplitude  of  sinusoidally  distributed  moment 
€  restraint  coefficient 
w  deflection  normal  to  plane  of  plate 


SUBSCRIPTS 

i  initial  value 
cr  critical 
ef  effective 
F  flange 
W  web 

DEFINITIONS 

Member.’ — The  word  ‘hnember”  is  used  in  this  report  to 
indicate  either  a  bar  or  an  infinitely  long,  flat,  rectangular 
plate. 

Joint. — A  joint  in  a  structure  composed  of  plates,  by 
analogy  to  a  joint  in  a  structure  of  bars,  is  defined  as  the 
entire  length  of  the  intersection  line  between  two  or  more 
joined  plates. 

Stiffness  and  carry-over  factor. — If  a  bar  is  on  unyielding 
supports  at  each  end,  the  moment  at  one  end  necessary  to 
produce  a  rotation  of  one-fourth  radian  at  that  end  is  called 
the  stiffness  of  the  bar  and  the  ratio  of  the  moment  developed 
at  the  far  end  to  the  moment  applied  at  the  near  end  is 
called  the  carry-over  factor  of  the  bar. 

In  order  to  write  similar  definitions  of  stiffness  and  carry¬ 
over  factor  for  plates,  it  is  necessary  to  include  a  statement 
showing  how  the  moment  is  distributed  along  the  edges  of 
the  plate.  The  solution  of  the  differential  equation  for  the 
critical  compressive  stress  of  an  infinitely  long  plate  with 
given  edge  restraints  reveals  that,  when  the  plate  buckles, 
the  moments  and  the  rotations  at  both  edges  of  the  plate 
vary  sinusoidally  along  the  edges^  and  are  in  phase  with  each 
other.  The  ratio  of  moment  per  unit  length  at  any  point 
along  the  edge  to  the  rotation  at  that  point  is  therefore 
constant  along  the  edge  for  a  given  wove  length.  The 
following  definitions  of  stiffness  and  carry-over  factor  for 
plates  may  therefore  be  written: 

Stiffness — If  an  infinitely  long  fiat  plate  is  under 
longitudinal  compression  with  one  unloaded  edge  on 
an  unyielding  support,  the  ratio  of  moment  per  unit 
length  at  any  point  along  this  unloaded  edge  to  the 
rotation  in  quarter-radians  at  that  point  when  the 
moment  is  distributed  sinusoidally  is  called  the  stiffness 
of  the  plate. 

Carry-over  factor — The  ratio  of  the  moment  per 
unit  length  developed  at  any  point  along  the  far  un¬ 
loaded  edge  to  the  applied  moment  per  unit  length  at 
the  coriTsponding  position  along  the  near  unloaded 
edge  is  called  the  carry-over  factor  of  the  plate. 

The  foregoing  definitions  make  it  possible  to  use  various 
stiffnesses  and  carry-over  factoj's  in  a  similar  manner  for 
both  bars  and  plat('s. 

The  symbols  used  to  designate  the  stiffness  and  carry-over 
factor  for  tin*  diffeixun  types  of  support  and  r(‘straint  at  thi' 
far  end  or  edg(‘  are  given  in  the  following  table: 


Stiffness 

j  Carry-over 
^  factor 

Condition.^  at  far  end  or  ed^ie 

N 

C 

Far  end  or  cdtte  su})ported  and  fixi'd  atraiiist  rotation. 

.S’J 

Far  end  or  edge  supfxjrted  and  ehistically  restrained 
aRain.st  rotation. 

5:11 

Far  end  or  edpe  supported  with  no  restraint  apaiiKSt 
rotation. 

5111 

CII1  =  0 

Far  edpe  free  (no  .sut)port  and  no  restraint  acainst  rota¬ 
tion),  This  condition  is  not  used  in  connection  witli 
bars. 

! 

Far  end  or  edse  supiwrted  and  subjected  to  riioment 
equal  and  op|>osito  to  that  apidied  at  near  end  or  edpe. 

The  quantities  S\  of  this  paper  correspond  to 

S\  C',  S",  C",  respectively,  of  reference  Ik 

The  stiffness  of  a  bar  computed  according  to  the  definition 
used  herein  is  one-fourth  that  computed  aevording  to  the 
definition  used  by  Cross  (reference  1).  In  moment  distribu¬ 
tion  the  relative,  not  the  absolute,  values  of  stiffnesses  of 
the  members  are  of  importance.  The  foregoing  definition 
was  selected  so  that  the  stiffness  of  a  bar  of  constant  cross 
section  with  no  a.^al  load  and  fixed  at  the  far  end  would  be 
El  I L  instead  of  AEIjL, 

Sign  convention. — A  clockwise  moment  acting  on  the  end 
of  a  bar  or  at  any  station  along  the  sid(‘  edge  of  a  plate  is 
positive  and  causes  positive  rotation  at  that  end  or  station. 
An  external  moment  applied  at  a  joint  is  considered  to  act 
on  the  joint;  a  counterclockwise  moment  acting  on  a  joint 
is  positive. 

CRITERION  FOR  STABILITY 

It  is  assumed  that  all  members  in  a  structure  composed  of 
bars  lie  in  the  plane  in  which  buckling  occurs  and  that  the 
‘joints  of  the  structure  are  held  rigidly  in  space  but  are  free 
to  rotate  subject  to  the  elastic  restraint  of  the  connecting 
members.  Similarly,  in  a  structure  composed  of  plates,  it  is 
assumed  that  the  joints  between  plates,  or  between  plates 
and  longitudinal  restraining  members,  remain  in  their 
original  straight  lines  but  are  free  to  rotate  subject  to  the 
elastic  restraint  of  the  connecting  members. 

In  the  discussion  that  follows,  eitlu-r  of  two  criterions  for 
stability  may  be  used.  For  each  criterion,  the  stiffness  and 
canw-over  factor  are  functions  of  the  axial  load  in  the  bar 
or  the  longitudinal  load  in  the  plate.  (See  references  2,  3, 
4,  and  5.) 

Stiffness  criterion  for  stability. — From  a  structure  of  many 
members  the  section  comprising  one  joint  shown  in  figure  1 
is  considered.  Figure  1  may  be  interpreted  as  being  either 
a  plan  view  of  a  structure  composed  of  bars  or  an  end  view 
of  a  structure  composed  of  long  plates.  An  external  moment 
of  _1  is  assumed  to  be  applied  at  the  joint  i.  If  the  struc¬ 
ture  is  composed  of  plates,  this  moment  is  the  external 
moment  per  unit  length  at  the  station  under  consideration. 
Because  the  angles  between  members  at  the  joint  are  ])re- 
served  and  the  rotations  of  all  members  at  the  joint  must 
therefore  be  equal,  the  moment  of  1  addcal  to  balance'  tins 
joint  is  distributed  among  the  members  in  proportion  to  their 
stiffnesses,  as  follows: 


to  member  ij] 


to  member  ?A> 
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and  so  forth.  The  moment-distribution  analysis  is  now 
complete  as  far  as  moments  at  joint  %  are  concerned. 

For  stability y  the  moment  in  the  members  must  be  finite. 
The  stiffness  criterion  for  stability  is  therefore 

(1) 


The  condition  of  neutral  stability  gives  the  critical  buckling 
load  for  the  structure  and  is  obtained  by  setting  the  stiffness 
stability  factor  equal  to  zero,  or 

(2) 


In  the  general  case  tliere  is  more  than  one  critical  buckling 
load;  thus,  satisfaction  of  equation  (2)  is  insufficient  for  the 
solution  of  a  given  stability  problem.  Instead,  the  lowest 
load  that  satisfies  .'equation  (2)  must  be  calculated  and 
compared  with  the  load  for  which  the  structure  is  designed. 
Only  if  this  lowest  critical  load  is  greater  than  the  design 
load  is  the  structure  stable. 


■ffi 


According  to  the  definition  of  stiffness,  the  moment  dis¬ 
tributed  to  any  member  must  be  the  rotation  of  the  joint 
multiplied  by  the  stiffness  of  the  member.  Hence  0,  the 
rotation  expressed  in  quarter-radians  of  joint  i  caused  by 
the  external  moment  —1,  is 


6 


_  1 


(3) 


or 


where 


For  stability,  the  total  moment  in  members  ih  must  be 
finite.  The  series  criterion  for  stability  is  therefore 

r<l  (6) 

The  condition  of  neutral  stability  gives  the  critical  buckling 
load  for.  the  structure  and  is  obtained  by  setting 

r=l  (7) 

The  same  considerations  that  apply  to  the  stiffness 
criterion  for  stability  also  apply  to  the  series  criterion  for 
stability.  The  lowest  load  that  satisfies  the  equation  for 
neutral  stability  (in  this  case,  equation  (7))  must  be  cal¬ 
culated  and  compared  with  the  load  for  which  the  structure 
is  designed.  If  this  lowest  critical  load  is  greater  than  the 
design  load,  the  structure  is  stable. 

According  to  the  definition  of  stiffness,  the  total  moment 
in  members  ih  at  joint  i  must  be  the  rotation  of  joint  i 
multiplied  by  the  total  stiffness  of  members  ih.  Hence  0,  the 
rotation  in  quarter-radians  of  joint  i  caused  by  the  external 
moment  —1,  is: 

Q-  1  J_ 

1-r  (8) 

Formulas  (2)  and  (7)  are  both  derived  in  reference  3. 
Wliether  formula  (2)  or  formula  (7)  is  to  be  used  will  depend 
upon  the  particular  problem.  In  cases  in  which  the  structure 
is  symmetrical  about  a  joint,  the  expressions  concerned  with 
the  stiffness  criterion  usually  involve  fewer  calculations; 
when  the  structure  is  symmetrical  about  a  member,  the 
formulas  concerned  with  the  series  criterion  offer  certain 
advantages. 

Stiffness  criterion  for  stability  when  structure  is  sym¬ 
metrical  about  a  member. — A  modification  of  the  stiffness 
criterion  in  which  the  values  of  are  used  is  sometimes 
convenient  when  the  structure  is  symmetrical  about  a 
member,  as  shown  in  figure  3.  When  this  criterion  is  used, 
opposing  unit  moments  arc  applied  at  the  two  ends  or  edges 
of  the  member  about  which  the  structure  is  symmetrical. 


1 


S,J+XS\,  l-r 

SjjCjj  SjjCji 


(4) 


(5) 


Equation  (3)  will  be  used  under  the  section  “Method  of 
Making  Prcliminaiy  Estimate  of  the  Critical  Load.^^ 

Series  criterion  for  stability, — In  a  structure  of  many 
members,  the  section  comprising  two  joints  shown  in  figure  2 
is  considered.  An  external  moment  of  —1  is  assumed  to 
be  applied  at  joint  ?.  If  the  structure  is  composed  of  plates, 
this  moment  is  the  external  moment  per  unit  length  at  the 
station  under  consideration.  By  a  moment-distribution 
analysis  of  reference  3,  the  total  moment  in  members  ih  at 
joint  i  is 

5, w, ;<*+'+’"+’"+  ■  •  •> 


4 
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The  stiffness  stability  factor  of  equation  (2)  for  the  joint  i 
in  figure  3  is  then  written: 

(9) 

An  illustration  of  the  use  of  this  special  application  of  the 
stiffness  criterion  in  a  plate  problem  is  included  in  the 
section  “Examples.^' 


CARRY-OVER  FACTOR  AND  STIFFNESS 


In  order  to  check  the  stability  of  a  group  of  structural 
members  by  use  of  the  equations  previously  given,  additional 
equations  for  the  carry-over  factor  and  stiffness  are  required. 

The  member  ij  shown  in  figure  4,  on  an  unyielding  sup¬ 
port  at  i  and  elastically  restrained  at  j  by  members  jk  is 
considered.  The  members  jk  are  also  elastically  restrained 
at  their  far  ends  k.  By  a  moment-distribution  analysis 
(reference  3)  it  follows  that  the  carry-over  factor  C\j  is 


pi  —p 


Jk 


and  the  stiffness  S^ij  is 


l  —  CjiC^  a 


(10) 


(11) 


Substitution  of  equation  (10)  in  equation  (11)  gives 


\-CuC, 


25b; 


Jk 


(12) 


For  member  ij^  the  limiting  values  of  the  carry-over 
factor  and  of  stiffness  given  by  equations  (10)  and  (12), 
respectively,  are  obtained  as  follows:  Wlicn  the  far  end  j  is 
pinned,  there  is  no  elastic  restraint  at  ^  and  25bji=0.  For 
this  limiting  condition,  t7b^=(7”ij=0,  and  Wlien 

the  far  end  j  is  fixed,  there  is  complete  restraint  at  j  and 
25bfc=®  •  For  this  limiting  condition,  and 

where 


1  —  CjiCij 


(13) 


A  similar  equation,  which  expresses  5^'^^  in  terms  of 
and  Cji^  can  be  obtained  from  equation  (11)  as  follows:  If  the 
restraint  at  the  far  end  is  such  that  ,  there  must  be, 

at  the  far  end,  a  moment  of  the  same  magnitude  but  opposite 


in  direction  to  that  applied  at  the  near  end.  If,  therefore, 
in  equation  (11)  equals  —1,  S^ij  becomes  a,  where 


(14) 


The  expressions  used  for  the  computation  of  numerical 
values  of  5,  6',  5^b  and  5^^  for  plates  arc  given  in  the 
appendix. 

Up  to  this  point,  all  the  equations  in  this  report  are  general. 
In  nearly  all  cases  encountered  in  practice,  however,  the 
cross  section  and  axial  load  do  not  vary  along  the  length  of 
each  member.  For  this  special  case,  Ca—Ca,  Stj—S^u  and 
so  forth.  In  practical  problems  the  numerical  values  for 
these  quantities  are  obtained  by  use  of  tables.  Such  tables 
are  given  for  bars  in  reference  4,  where  the  argument  is 
(Z/j)c//,  and  for  plates  in  reference  5,  where  the  arguments 
are  k  and  X/6. 


METHOD  OF  MAKING  PRELIMINARY  ESTIMATE  OF  THE 
CRITICAL  LOAD 

In  order  to  determine  the  lowest  critical  load  for  the 
structure,  it  is  necessary  to  test  either  equation  (2)  or  equa¬ 
tion  (7)  for  neutral  stability  for  different  assumed  loads. 
The  lowest  load  that  satisfies  either  equation  is  the  critical 
load  for  the  structure.  If  evaluation  of  the  stiffness  or  the 
series  stability  factors  has  required  lengthy  computations  and 
if  all  the  assumed  loads  for  which  these  factors  have  been 
evaluated  are  less  than  the  lowest  critical  load,  as  evidenced 
by  the  fact  that  25b>  remains  positive  or  that  r  remains  less 
than  unity,  a  method  utilizing  the  work  already  done  may 
be  used  to  estimate  the  critical  load.  This  estimated  load  may 
then  be  used  as  a  trial  load  in  equation  (2)  or  equation  (7). 

The  method  of  estimating  the  lowest  critical  load  is  based 
upon  principles  used  in  the  analysis  of  experimental  obser¬ 
vations  in  problems  of  elastic  stability  (references  6  and  7). 
Southwell  (reference  6)  mentioned  that  the  unavoidable  im¬ 
perfections  in  practical  structures  prevent  the  realization  of 
the  concept  of  a  critical  load  at  which  deflections  begin. 
Instead,  the  initial  deflections  present  in  practical  structures 
steadily  grow  with  increase  in  load  and,  according  to  the 
usual  theory,  the  deflections  become  infinite  as  the  critical 
load  is  approached. 
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The  general  relation  between  load  and  deflection  for 
problems  of  elastic  stability  (reference  7)  shows  that  if 
is  plotted  as  ordinate  against  y^y\  as 
abscissa,  the  curve  obtained  whenP  approaches  is  essen¬ 
tially  a  straight  line  of  which  the  inverse  slope  is  P^r— Pi- 
Here  y  is  the  deflection  at  load  P  in  a  member,  y^  and  Pi 
are  initial  values  of  y  and  P,  respectively,  Per  is  the  lowest 
critical  load,  and 

Py<P<Pcr 

If  simultaneous  readings  of  load  and  deflection  recorded  in 
a  test  are  plotted  as  described  with  any  load  P  as  the  initial 
reading,  the  value  of  Pcr—P\  is  readily  obtained.  The  value 
of  Per  is  then  given  by  the  relation 

P.r=(Pcr-Pl)+Pl  (16) 

The  relation  between  load  and  deflection  can  also  be 
applied  to  load  and  rotation  of  a  joint  provided  that  there  is 
an  initial  rotation  of  the  joints.  The  initial  rotation  is 
obtained  by  the  application  of  the  external  moment  —1  at 
some  joint,  after  which  the  load  on  the  structure  is  applied. 
As  the  lowest  critical  load  is  approached,  the  rotations 
become  inflnite. 

If  the  distribution  of  the  loads  throughout  the  structure 
does  not  change  as  the  total  load  W  increases,  the  axial  or 
longitudinal  load  in  each  member  is  proportional  to  W, 
If  is  plotted  as  ordinate  against  B—Bi  as 

abscissa,  the  curve  obtained  when  W  approaches  Wer  is 
essentially  a  straight  line  with  inverse  slope  Wer^Wu 
where  ^  is  the  rotation  of  a  joint  under  the  external  moment 
—  1  when  load  IF  is  on  the  structure,  Bx  and  Wi  are  initial 
values  of  B  and  respectively,  Wet  is  the  lowest  critical 
load,  and 


Wx<W<W.r 

When  simultaneous  values  of  load  and  rotation  are  plotted 
as  described  with  W\  as  the  initial  load,  the  value  of  Wer—  Wi 
is  easily  obtained.  The  value  of  Wer  is  then  given  by  the 
equation 

Wer={Wer-Wx)  +  Wx  (16) 


The  procedure  to  be  used  in  estimating  the  critical  load 
for  a  group  of  structural  members  is  as  follows: 

1.  For  each  of  the  loads  W  assumed  in  the  application  of 
one  of  the  stability  criterions  (equation  (2)  or  equation  (7)) 
to  a  joint,  calculate  the  rotation  B  of  this  joint  by  means  of 
equation  (3)  or  equation  (8). 

2.  Designate  the  lowest  assumed  value  of  IT  and  the 
corresponding  value  of  B  as  and  respectively. 

3.  Plot  the  curve  of  {B—Bi)/(W—Wi)  as  ordinate  against 
0—01  as  abscissa  and  estimate  Wer  from  the  slope  of  the 
resulting  line.  If  the  curve  obtained  is  not  essentially  a 
straight  line,  successively  higher  values  of  the  assumed  loads 


W  should  be  designated  Wi  and  the  value  of  Wer  re-estimated. 
The  accuracy  of  the  estimated  value  of  Wer  is  improved  as 
both  W  and  Wi  approach  Wer> 

An  example  of  the  application  of  this  method  for  predict¬ 
ing  the  lowest  critical  load  is  given  in  reference  8. 

As  applied  to  a  structure  of  plates,  this  method  gives  a 
critical  load  for  some  particular  value  of  the  half  wave 
length  X.  The  value  of  Wer  that  satisfies  equation  (2)  or 
equation  (7)  and  is  a  minimum  with  respect  to  X  must 
finally  be  found  as  in  the  example,  given  subsequently 
herein,  in  which  the  use  of  this  method  of  estimating  the 
critical  load  for  a  given  wave  length  was  not  required. 

DISCUSSION  OF  METHODS 

Each  of  the  two  equations  for  neutral  stability  contains 
the  stiffness  of  certain  members  elastically  restrained  at  their 
far  ends  or  edges  by  other  members.  These  other  members 
may  also  be  elastically  restrained  at  their  far  ends  or  edges 
by  still  other  members,  and  so  on.  By  successive  applica¬ 
tion  of  equation  (12)  the  restraining  effect  of  all  the  members 
in  the  structure  can  be  considered. 

In  practical  calculations  for  structures  composed  of  bars, 
modification  of  the  actual  structure  by  the  introduction  of 
pins  at  certain  joints  is  usually  necessary.  It  has  sometimes 
been  the  custom  to  consider  only  one  member  elastically 
restrained  at  the  ends  by  the  adjacent  members,  which  are 
assumed  to  be  pinned  at  the  far  ends.  The  calculation  of 
Wer  by  use  of  small  groups  of  members  in  this  manner  is 
quite  inadequate.  Treatment  of  much  larger  groups  of 
members*  in  one  calculation  is  necessary  if  a  reasonably 
accurate  value  of  Wer  is  to  be  obtained. 

If  the  stresses  in  any  of  the  members  of  a  structure  are 
beyond  the  elastic  range,  the  reduction  of  the  modulus  of 
elasticity  at  these  stresses  must  also  be  considered.  Dis¬ 
cussions  of  this  reduced  modulus  for  structures  composed  of 
bars  are  given  in  references  3  and  8,  References  9  and  10 
discuss  the  reduced  modulus  of  elasticity  for  plates  at  high 
stresses. 

EXAMPLES 

Structure  composed  of  bars. — The  example  of  a  structure 
composed  of  bars  presented  herein  is  identical  with  that 
given  in  reference  3;  for  the  solution  of  the  problem,  the 
tables  of  reference  3,  rather  than  the  more  extensive  tables 
of  reference  4,  were  used. 

A  continuous  member  of  1025  steel  is  to  be  designed  to 
carry  the  loads  shown  in  figure  5.  For  simplicity,  the  same 
cross  section  will  be  used  in  all  spans. 


Axial  load  in  pounds'.  T,  tension^  compression 
0  9940  C  8610  T  9940  C  8610  T  9940  C  0 


P.  A 

y  z 

I 

, -  QO  - 


A  A  A  A 

u  b  c  d 


- 5  at  50-350 - 

Figure  5.— Illustrative  bar  problem. 
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Tlic  usual  column  formulas  for  1025-stccl  tubes  arc; 


For 

P 


For  ->124, 
p 


,=36,000—1 


-Kf)’ 


P  276X10“ 

'A-  1  /iV 


It  is  desired  that  Lip  be  less  than  124.  Equation  (1 1)  there¬ 
fore  is  used  and,  on  the  assumption  that  c=2,  a  tube  of  the 
following  dimensions  is  selected  as  a  trial  design  for  com¬ 
pression  members  za,  be,  and  de. 

.  .  ,  in.--  1.625 

Diameter,  . .  „  Ogj 

Wall  thickness,  - _  ,,  3jgg 

Area,  yl-. ---------- .  ..in.'..  0.09707 

Moment  of  inertia,  i . . . 

According  to  the  problem,  this  tube  is  used  as  a  continuous 

member  from  1/  to  /  (fig.  5).  ,  .  i  •  *i 

In  order  to  check  the  stability  of  the  tube  selected  in  the 
trial  design,  the  critical  buckling  load  will  be  calculated  and 
compared  with  the  loads  given  in  figure  5.  The  axial  load 
in  the  tension  spans  is  assumed  to  be  always  8610/9940  or 
0.866  times  the  axial  load  in  the  compression  spans.  Ihis 
assumption  conforms  to  the  condition  that  the  forces  in  a 
members  increase  in  the  same  ratio  as  the  load  on  the 

structure  increases.  ,  i 

Both  the  dimensions  and  the  loading  of  the  member  shown 
in  figure  5  are  symmetrical  about  span  be.  It  is  therefore 
convenient  to  determine  the  critical  buckling  load  by  use  of 
the  scries  criterion  for  stability.  If  the  unit  external  moment 
to  be  applied  is  at  joint  b,  the  series  stability  factor  is  given 
bv  equation  (5)  with  the  summation  signs  omitted.  If  the 
symmetry  about  span  be  is  considered,  the  senes  stability 
factor  becomes 

_  (19) 

(S(,c+<S*  ciY 


1  re _ — 

S",,+S"cf 

In  the  equation  for  S',,,  it  is  assumed  that  the  ends  at  y  and/ 

are  pinned.  ■  •  ■  ■  i  r 

The  detailed  procedure  of  calculating  the  critical  buckling 

load  is  as  follows;  .  ,  ,  ,  •  t 

1  Assume  a  series  of  values  for  tlio  axial  load  in  one  o 
the  members.  In  order  that  the  values  of  load  be  reasonable, 
a  compression  member  should  always  be  selected  and  the 
values  of  the  axial  load  for  this  member  computed  from  the 
column  formula  by  use  of  a  series  of  values  of  c.  In  this 
problem,  compression  member  be  is  selected  and  the  column 
formula  is  equation  (17). 


2  For  each  assumed  axial  load  in  the  selected  member, 
calculate  the  corresponding  axial  load  in  every  other  member. 
In  this  problem  the  axial  load  in  all  compression  members 
is  the  same  and  the  axial  load  in  the  tension  members  is 
0.866  times  the  axial  load  in  the  compression  members. 

3  For  each  load  in  each  of  th£  members,  calculate  t'jA, 
E,  and  (Llj)e„.  In  this  problem,  E  is  obtained  from  equation 
(17)  by  methods  outlined  in  reference  3,  or 


-  _1  p/36000-2 
A  \  1  I  -TO 


4.  For  each  load  in  each  of  the  members,  determine  the 
value  of  the  terms  required  to  evaluate  equation  (19),  by  use 

of  the  tables  of  reference.  3  or  4.  .  .  , ,  ,  v 

5.  The  assumed  load  that  gives  r=  1  is  the  critical  buckling 

The  results  of  this  procedure  as  applied  to  the  problem  of 
figure  5  are  given  in  table  I ;  the  values  of  c  in  the  first  column 
arc  given  for  reference  only  and,  as  stated  in  paiagiap  i  o 
the  foregoing  procedure,  were  so  assumed  that  a  series  o 
reasonable  values  for  the  axial  load  P  in  the  compression 
member  be  could  be  obtained.  In  the  last  column  of  table  I 
are  given  the  values  of  r  corresponding  to  the  assumet 
values  of  c.  As  the  value  of  c  increases  from  1.4  to  2.6,  the 
value  of  r  increases  from  0.133  to  1.63.  If  the  data  of  table  I 
are  plotted,  it  is  found  that  \vhen  r=l  the  lowest  critical 
buckling  loads  for  the  trial  design  are 

‘  2a,fcc,andde . .  10,260  compression 

ab&nded . . .  8,890  tension 

These  critical  loads  are  greater  than  the  loads  to  which  the 
respective  members  are  subjected  (see  fig.  5).  The  tube 
selected  for  the  trial  design  is  therefore  stable  and  the  margin 
of  safety  for  the  system  is 

10260 _ .. _ 8890 _ 2 


A  single  margin  of  safety  is  obtained  for  the  whole  system 
regardless  of  which  member  is  used  for  its  calculation  because, 
when  the  critical  load  is  reached,  all  members  deflect. 

More  than  one  type  of  instability  is  possible,  theoretically, 
therefore,  as  the  loads  P  increase,  there  is  more  than  one 
value  of  P  for  which  r=  1 .  (See  table  I.)  For  each  type  of 
instability  there  is  a  corresponding  critical  load.  In  design, 
how'ever,  the  lowest  critical  load  should  be  calculated  and 
compared  w-ith  the  loads  given  in  the  problem. 

Table  I  show's  further  that,  for  values  of  e  betw'een  1.4  and 
1.6,  the  value  of  S'a,  changes  from  positive,  to  negative. 
According  to  the  stiffness  criterion  for  stability,  this  change 
of  sign  means  that  members  de  and  c/,  considered  alone,  have 
chaiisred  from  stable  to  unstable.  It  is  also  noted  that  S 
changes  from  positive  to  negative  for  values  of  c  between  2.6 
and  2"^^7;  members  cd,  de,  and  ej,  considered  alone,  have  there¬ 
fore  changed  from  stable  to  unstable,  but  at  a  much  higher 
load.  The  change  from  stable  to  unstable  for  all  members 
occurs  for  values  of  c  between  2.5  and  2.6  when  r=  1 . 
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Structure  composed  of  plates. — The  critical  compressive 
stress  for  local  instability  of  a  24S-T  aluminum-alloy 
Z-section  column  with  the  cross-sectional  dimensions  shown 
in  figure  6  is  to  be  determined. 

It  is  convenient  in  symmetrical  plate  problems  of  this 
type  to  use  the  modification  of  the  stiffness  criterion  for 
stability  previously  discussed.  If  opposing  unit  external 
moments  are  applied  at  the  joints  between  the  web  and 
the  flanges,  the  stiffness  stability  criterion,  as  given  by 
equation  (9),  is 

XS\j=S^^^F+S^^w=0  (20) 

where  the  subscripts  F  and  W  refer  to  the  flange  and  the 
web,  respectively. 


The  tables  of  reference  5  give  the  values  of  and 
in  the  dimensionless  form  S^^^/iD/b)  and  S^'^/{D/b)  rather 
than  directly.  It  is  therefore  desirable  to  write  equation 
(20)  in  the  form 


If  this  equation  is  divided  by 


-r  )  it  becomes 


Because  the  stability  criterion  may  be 

written  in  terms  of  the  modified  stiffness  stability  factor  U, 
as 


The  detailed  procedure  of  calculating  the  critical  com¬ 
pressive  stress  is  as  follows: 

1.  Compute  the  ratios  iwltpi  bplb^,  and  b^ltw 

2.  Assume  a  value  of  X/6f. 

3.  Compute  Xibw  from  the  equation 

— — 

bw  bp  b\F 

4.  Assume  a  series  of  values  of  ky  and,  for  each  value  of 
kyj  compute  kw  from  the  equation 


The  indicated  procedure  is  adopted  as  being  somewhat  more 
convenient  than  assumption  of  the  stress  and  computation 
of  the  corresponding  values  of  kp  and  kw^  It  is  permissible 
to  compute  kw  from  the  given  equation  even  though  the 
stress  is  beyond  the  clastic  range,  because  the  stress  and 
thus,  by  assumption,  the  effective  plate  modulus  are  the 
same  in  the  web  and  the  flange, 

5.  Evaluate  the  modified  stiffness  stability  factor  U 
from  equation  (21)  and  the  tables  of  reference  5. 

6.  Plot  U  against  ky  or  kw  and  note  the  value  of  k  for 
which  U  is  equal  to  zero. 

7.  Repeat  steps  2  to  6,  assuming  different  values  of  \lby. 

8.  Plot  values  of  ky  for  U=0  against  \lby  (or  kw  for 
U=0  against  \lbw)  to  determine  the  minimum  value  of 
ky  (or  kw)’ 

9.  With  this  minimum  value  of  k,  evaluate  the  critical 
stress  from  the  formula  (see  definition  of  k)j 


<Tct 


kir^D 

bH 


which  may  be  written,  for  the  web, 


or,  for  the  flange, 


_  kwT^  Ftw^ 

^^^~12(1-mW 

_  kyir^Ety^ 


(22) 

(23) 


The  value  of  acr  will  be  the  same  regardless  of  whether 
equation  (22)  or  (23)  is  used. 

The  results  of  this  procedure  as  applied  to  the  problem 
of  figure  6  are  given  in  table  IL  The  values  of  kw  for  U—0 
in  the  last  column  of  table  II  were  determined  according 
to  step  G.  If  these  values  of  kw  arc  plotted  against  \lbw 
(step  8),  the  minimum  value  of  kw  is  found  to  be  about  2.9. 
(Sec  fig.  7.)  The  critical  compressive  stress  for  local  buckling 
of  the  section  shown  in  figure  G  is  then,  from  equation  (22), 


2.9X9.87X10.GX10' 
12X0.91  X  (40)^“ 


=  17,400  pounds  per  square  inch 


This  method  provides  a  relatively  simple  means  of  predict¬ 
ing  the  critical-stress  values  for  columns  of  Z-section  and 
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Figure  7.*-Plot  of  A b?  against  X/bw  for  plate  problem. 


other  simple  cross  sections,  such  as  I-,  channel,  and  rectan¬ 
gular-tube  sections.  Charts  giving  the  values  of  k  deter¬ 
mined  by  this  method  which  were  prepared  for  wide  ranges 
of  the  dimension  ratios  are  presented  in  reference  11  for 
columns  of  I-,  Z-,  channel,  and  rectangular-tube  section. 


An  alternate  method  of  solution  for  problems  of  this  type 
makes  use  of  the  charts  of  references  9  and  10  and  the  tables 
of  reference  5.  An  assumption  is  made  as  to  whether  the 
flange  or  the  web  will  be  primarily  responsible  for  instability. 
If  the  flange  is  expected  to  be  primarily  responsible,  the  value 
of  for  the  web  is  determined  from  the  tables  of  reference  5. 
This  value  is  then  used  in  computing  the  restraint  coeffi¬ 
cient  €  (reference  9  or  10),  and  the  value  of  k  is  found  from 
figure  3  of  reference  9.  Because  it  is  necessary  to  assume  a 
value  of  k  and  X/5  in  order  to  determine  the  method 

will  obviously  involve  a  trial-and-error  procedure.  Further¬ 
more,  if  repeated  calculations  show  that  is  negative,  the 
assumption  that  the  flange  would  be  primarily  responsible 
for  instability  is  incorrect.  In  this  case,  it  will  be  necessary  to 
evaluate  and  to  determine  A:  from  figure  3  of  reference  10, 
A  detailed  example  of  the  application  of  this  method  is  given 
in  reference  11. 
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APPENDIX 

DERIVATION  OF  STIFFNESSES  AND  CARRY-OVER  FACTORS 


PLATE  UNDER  COMPRESSION 


In  order  to  apply  the  method  of  moment  distribution  in 
any  form,  the  values  of  stiffnesses  and  carry-over  factors  are 
required  for  the  members  in  question.  Formulas  for  the 
evaluation  of  these  quantities  for  bars  were  developed  in 
reference  3.  This  appendix  gives  the  corresponding  deriva¬ 
tion  of  the  formulas  for  plates;  the  sign  convention  used,  as 
distinguished  from  that  given  in  the  section  on  “Definitions,*’ 
corresponds  to  that  of  reference  12,  in  which  deflections  w  are 
positive  downward  and  a  moment  is  positive  if  it  produces 
compression  in  the  upper  fibers. 

General  deflection  surface  of  a  plate  buckled  under  com¬ 
pression. — Before  the  values  of  stiffness  and  carry-over  factor 
for  flat  plates  under  various  conditions  of  edge  restraint  may 
be  computed,  the  deflection  surface  of  a  flat  plate  buckled 
under  a  compressive  load  with  a  moment  applied  along  one 
unloaded  edge  must  be  described. 

An  infinitely  long  flat  plate  under  longitudinal  compression 
is  shown  in  figure  8  with  coordinate  axes.  For  equilibrium  of 
an  infinitesimal  element  of  the  plate,  the  following  equation 
must  be  satisfied  (reference  12,  p.  324): 


(Al) 


On  the  assumption  that  the  plate  is  infinitely  long  in  the 
direction  of  x,  the  conditions  at  the  ends  do  not  matter;  the 
solution  of  equation  (Al)  is  therefore  taken  in  the  form 


y^=J{y)  cos  y  (A2) 


The  unknown  function  f{y)  may  be  determined  by  sub¬ 
stituting  the  expression  for  w  into  equation  (Al).  It  is 
found  that  the  function  /  must  satisfy  the  equation 


dt/ 


/_o 


(A3) 


Equation  (A3)  is  an  ordinary  differential  equation  of  the 
fourth  order,  the  solution  of  which  is 

/=Ci  cosh  y+co  sinh  y  +  cos  y  +  c^  sin  y  (A4) 


where  Ci,  C2,  C3,  and  are  arbitraiy  constants  and 


The  deflection  surface  of  the  plate  is  now  found  by  sub¬ 
stituting  this  result  for  /  in  equation  (A2): 

cosh  y +C2  sinh  y +C3  cos  y +C4  sin  y  ^  cos  y  (A5) 

In  this  solution,  four  conditions  may  be  imposed  along  the 
unloaded  edges  to  fix  the  four  constants.  One  of  the  four 
conditions  will  always  specify  the  presence  of  a  moment 
ttx 

Mq  cos  y  along  the  near  edge,  and  another  will  si)ecify  that 

the  deflection  w  along  this  edge  is  zero.  The  remaining  two 
conditions  will  be  varied  to  suit  the  conditions  at  the  far 
edge  of  the  plate  of  which  the  stiffness  is  being  computed. 

0 
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Stiffness  of  a  plate  with  far  edge  fixed. — Figure  9  shows 
a  flat  rectangular  plate  under  compression  with  a  moment  M 

applied  along  one  edge  at  7y  —  “"I  and  with  complete  restraint 

against  rotation  along  the  parallel  edge  at  2/=^’  The  stiffness  S 
of  the  plate  is  defined  as 


(A6) 


where  (0)  .  is  the  rotation  of  the  edge  at  -  expressed 


in  quarter-radians. 

The  general  expression  (A5)  for  the  deflection  of  the  plate 
must  be  specialized  to  the  case  of  figure  9  in  which  the 
boundary  conditions  are: 


{w) 


=  0 


+  M 


d^\ 


_Mob^ 
Dicr+0^) 


=0 

V  52/44 


tanh  tun 


(A7) 

(A8) 

(A9) 


After  determination  of  the  arbitraiy  constants  in  equa¬ 
tion  (A5)  by  use  of  these  boundary  conditions,  the  deflection 
surface  for  the  case  of  figure  9  is  found  to  be 


sinh 


on/ 


sinh  ^  sin  - 


(^a  coth  )3  cot  ^ 


cosh  ^  cos 


cosh  ~  cos  ~ 

A  ^  j 


a  tanh  ton  ^+«  coth  19  cot  ^  a  tanh  tan  ^+«  coth  cot  ^ 


cos  j  (A  10) 


From  this  deflection  surface  there  is  obtained 

\ 


dw\  _  Mb 


3+  • 


(All) 


a  8  a  8 

a  tanh  2  + tan  2  a  coth  2“  cot  ^ 


where  6  is  expressed  in  quarter-radians.  Substitution  in  equation  (A6)  gives 


[©+(!)■] 


3+: 


"4.  \Oc,^  /3  a  ,a  {3  /3i 
^  tanh  2  +  2  2  2  tT~9  cot  g J 


(A12) 


Carry-over  factor  of  a  plate  with  far  edge  fixed. — The  | 
carry-over  factor  is  defined  as  the  ratio  of  the  moment  de-  | 

velopcd  at  the  far  edge  (fig-  9)  to  the  moment  at  the 

near  edge  y~—^'  The  moment  developed  at  the  far  edge  is  ' 


d-vf\ 


(A  13) 


where  w  is  the  deflection  of  the  plate  of  figure  9,  given  by 
equation  (AlO). 

If  tile  indicated  differentiation  of  equation  (AlO)  is  made 
and  the  result  substituted  in  equation  (A13).  it  is  found  that 


(A/)„=±= 


^  Oi  .  8  ^  8  a  OC  ,  8 

tanli  tan  ^  cotli  cot 

~  Q  io  /3  COS 

/3  ,  a  Cl_§_  0  \ 


tanh  Tj+Tj  tan  ^+7,  coth  7^-;^  cot  7^ 


(A14) 
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The  moment  at  the  near  edge  is,  from  equation  (A8), 

(A/),  6=A/oCos^  (A15) 

By  definition,  the  carry-over  factor  is 

-  (Af)  1  (f  tanh  “+|  tan  |)-(f  coth  cot 

^=^^(ftanUf+ftan|)+(fcoth|-|cot|) 

{A16) 

with  the  sign  of  the  moment  at  the  far  edge  changed  to 
conform  to  the  sign  convention  given  in  the  section 
“Definitions.” 


FiGUBK  10.— Plate  with  moment  applied  at  near  edge,  far  edge  hinged. 


Stiffness  of  a  plate  with  its  far  edge  hinged —Figure  10 
shows  a  flat  rectangular  plate  under  compression  with  the 

two  edges  y=±\  hinged  to  supports.  A  moment  A/  is 

applied  to  the  edge  2/=— and  the  stiffness  of  the  plate  is 
defined  as 


where  (0)  b  is  the  rotation  of  the  edge  y  =  —  s  expressed  in 

quarter-radians.  The  general  expression  (Ao)  will  again  be 
used  to  compute  d  and  the  boundary  conditions  will  be: 

Or)  h=0  (A18) 


(A20) 


By  use  of  these  boundary  conditions,  the  arbitrary  con¬ 
stants  in  equation  (A5)  may  be  computed,  and  it  is  found 
that  the  deflection  surface  for  the  case  of  figure  10  is 


^  ay  1  ocy  •  Py 

smh  -  cosh  cos  sin 

.  ,  a  ,  a  ^ 

sinh  ’X  cosh  -x  cos  -x  sin  ^ 


TTX 

COS  X 


(A21) 


From  this  deflection  surface,  the  magnitude  of  the  rota¬ 
tion  6  along  the  edge  y——^  \s  found  to  be 


_  2Mb  / 

D{o;‘+e‘)V 


where  B  is  expressed  in  quarter-radians.  Upon  substitution 
of  this  expression  for  B  in  equation  (A  17),  it  is  found  that 


D 


(D’Hiy 


*  ^  tanh  l+l  tan  coth  cot  | 


(A23) 


2^2 


2  2 


•According  to  the  boundary  condition  given  in  equation 

(A20),  there  is  no  moment  at  the  edge  y=2’ 

carry-over  factor  with  the  far  edge  hinged  is  zero. 

Stiffness  of  a  plate  with  far  edge  free.— Figure  11  shows 
a  flat  rectangular  plate  under  compression  with  one  edge 
y=h  free  and  a  moment  M  applied  to  the  parallel  edge 
y=0.  The  stiffness  of  the  plate  is  defined  os 

^  (A24) 


where  {B)y^^  is  the  rotation  of  the  plate  along  the  edge  ?/=0 
and  is  expressed  in  qiiarter-i’adians. 

The  general  expression  (A 5)  is  used  to  compute  the 
rotation  B.  The  boundary  conditions  for  a  plate  with  far 
edge  free  are: 


(u^)j,r.o  =  0 

(A25) 

b^w\  ^  r  n  r  ^ 

(A26) 

1 

'?':+m?t)  =« 

^  Dx  /  y  =  li 

(A27) 

w) 


A/=Afo  cos  y 


(A19) 


(2-m) 


bx^by  \y 


b 


(A28) 
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Upon  determination  of  the  arbitrary  constants  in  equation  (A5)  by  use  of  these  boundary  conditions,  the  deflection 
surface  for  the  case  of  figure  1 1  i§  found  to  be 


w- 


Moh^ 


r 


where 


§y 

b 


,  aV  .  ^  -1  ocy  not  (smh  a—^  cosh  sm  ^  .  Py  irx 

cos  cosh  ™+<i)  smh  - - x - - - -  sm  -r  cos  ^ 

^  b  cos  /3  6  X 


6  b  7n/3  cos  /3  b 

cosh  a  cos  ^—iva  sinli  a  sin  ff+wng 
“  sinh  a  cos  p—n^a  cosh  a  sin  ^ 

From  the  deflection  surface,  the  rotation  along  the  edge  ?/=0  is  found  to  be 


(A29) 


"  .Dia^ 


iMb  “]  2a^mn-\-aP{w^+n^)  cosh  a  cos  /?+  nV)  sinh  a  sin 


(A30) 


sinh  a  cos  /3  cosh  a  sin  ^3 

where  B  is  expressed  in  quarter-radians.  Upon  substitution  of  this  expression  for  B  in  equation  (A24),  the  stiffness  is  found  to  be 

^  —  tan^  tanh  ^  ^1  +tanh-  ^  tan  ^ 


2mn  ^  ^ 


7^^+(f )  (I)  (”*'+ i)  (‘  “  (2)  (f  J  f  2 


coslr  ^  cos' 


(A31) 


The  trigonometric  and  hyperbolic  functions  have  been  converted  to  the  half  angle  in  order  that  the  same  functions  can  be 
used  as  in  the  calculation  of  the  other  stiffnesses. 


According  to  the  boundary  condition  of  equation  (A27), 
there  is  no  moment  along  the  edge  y=b.  The  carry-over 
factor  0^”  is  thus  zero  for  the  far  edge  free. 

Stiffness  of  a  plate  with  equal  and  opposite  moments 
applied  along  the  unloaded  edges. — Figure  12  shows  a  flat 
rectangular  plate  under  compression,  with  equal  and  opposite 

moments  applied  to  the  edges  The  stiffness  of  the 


*x 


plate  is  defined  as 

where  {B)  b  is  the  rotation  along  the  edge  t/=  —  ^expressed 
P— 2  ^ 

in  quarter-radians. 


tT 


riGUKE  1*2 —Plate  with  moment  applied  at  near  cd^e,  ('(jiial  and  opposite  moment 
at  far  edpe. 


Axis 

Force 
(parallel 
to  axis) 
symbol 

Moment  about  axis 

Angie 

-  ,■ 

\  Velocities 

Designation 

Sym¬ 

bol 

Designation 

Syia-. 

bol 

Positive 

direction 

Designa¬ 

tion 

i 

Sym- 

bol 

Linear  > 
(compo¬ 
nent  along 
axis) 

Angular 

LongitudinaL 

X 

X 

Bolling _ , 

h 

;  .  •  .  :  ■ 

Y - 

Roll 

d). 

.u 

p 

Lateral. _ _ _ _ 

Y 

Y 

Pitching 

M 

z - 

Pit,«h 

'  \ 

q 

NormaL..— _ _ 

Z 

Z  - 

VAwing 

N 

X - 

Yaw 

’  ^  i 

w 

■  r 

Absolute  coefficients  of  moment  ,  Angle  of  set  of  control  surfacie  (relative  to  neutral 

n  __  L  r?  —  ’  n  position),  5.  (Indicate  surface  by  proper  subscript.) 

„ ,  -  •:  V  ■.  .  ;/ 

(roUin^  (pitchmg)/  (yawing)  ’  /  _ 

'  4.  PROPELLER  SYMBOLS  ' 

p  ■  S^Sio  pitch  ^  Power,  absolute  coefficient  :• 

pID  Pitohratio  -  ^  ^  ^jpV’- 

V'  mow  velocity  ,  Speed-power  coefficient 

F,  Slipstream  velocity  ^  .  ??  Efficiency  '  - 

T  Thrust,  absolute  coefficient  (7r=—S^  (  w  '  Revolutions  per  second,  rps  "  , 

pn^Lr  /  V  \ 

y  m  T  1  rv.  .  ^  0  ^  .  Effective  helix  angle==tan“M  K— ) 

'  $  Torque,  absolute  coefficient  \27rrn/ 

5.  NUMERICAL  RELATIONS 


1  hp=76.04  kg*m/s“o50  ftdb/sec 
1  metric  horsepower =0.9863  hp 
1  mph= 0.4470  mps 
1  mps= 2.2369  mph 


1  lb=0,4536  kg 
1  kg=2.2046  lb 
1  mi=l, 609.35  m=5,280  ft 
1  m=3.2808  ft 


